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Abstract. In this paper, we establish the general solution of the functional equation 
f{nx + y) + f{nx - y) = n^f{x + y) + n^f{x ~ y) + 2{f{nx) - n^f(x)) - 2{n^ - l)f{y) 

for fixed integers n with n 7^ 0, ±1 and investigate the generalized Hyers-Ulam-Rassias 
stability of this equation in quasi-Banach spaces. 



1. Introduction 

The stability problem of functional equations originated from a question of Ulam [21] 
in 1940, concerning the stability of group homomorphisms. Let (Gi,.) be a group and let 
(G2, *) be a metric group with the metric d{., .). Given e > 0, dose there exist a 5 > 0, such 
that if a mapping h : Gi — > G2 satisfies the inequality d{h[x.y),h{x) * h{y)) < 5 for all 
x,y £ Gi, then there exists a homomorphism H : Gi — > G2 with d{h{x),H(x)) < e for 
all X £ Gi? In the other words, under what condition dose there exist a homomorphism 
near an approximate homomorphism? The concept of stability for functional equation arises 
when we replace the functional equation by an inequality which acts as a perturbation of the 
equation. In 1941, D.H. Hyers [10] gave a first affirmative answer to the question of Ulam 
for Banach spaces. Let / : E — > E' be a mapping between Banach spaces such that 

\\f{x + y)-fix)~fiy)\\<S 

for all x,y £ E, and for some S > 0. Then there exists a unique additive mapping T : E — > E' 
such that 

\\fix)~Tix)\\<S 

for all X £ E. Moreover, if f{tx) is continuous in t for each fixed x £ E, then T is linear. 
In 1978, Th. M. Rassias [17] provided a generalization of Hyers' Theorem which allows the 
Cauchy difference to be unbounded. The functional equation 

f{x + y) + fix^y)^2fix) + 2f{y), (1.1) 

is related to symmetric bi-additive function[l,2,ll,13]. It is natural that this equation is 
called a quadratic functional equation. In particular, every solution of the quadratic equation 
(1.1) is said to be a quadratic function. It is well known that a function / between real vector 
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spaces is quadratic if and only if there exits a unique symmetric bi-additive function B such 
that f{x) = B{x,x) for all x (see [1,13]). The bi-additive function B is given by 

B{x,y) = \{f{x + y)-f{x-v)). (1.2) 

A Hyers-UIam-Rassias stability problem for the quadratic functional equation (1.1) was 
proved by Skof for functions / : A — > B, where A is normed space and B Banach space 
(see [19]). Cholewa [4] noticed that the Theorem of Skof is still true if relevant domain A 
is replaced an abelian group. In the paper [6] , Czerwik proved the Hyers-Ulam-Rassias 
stability of the equation (1.1). Grabiec [9] has generalized these result mentioned above. 

In [14], Won-Gil Prak and Jea Hyeong Bae, considered the following quartic functional 
equation: 

f{x + 2y) + f{x - 2y) = 4(/(a: + t/) + f{x - y) + 6/(y)) - 6/(x). (1.3) 

In fact, they proved that a function / between two real vector spaces X and y is a solution 
of (1.3) if and only if there exists a unique symmetric multi-additive function _D : X x X x 
X X X — > Y such that /(x) = D{x,x,x,x) for all x. It is easy to show that the function 
j(x) = x^ satisfies the functional equation (1.4), which is called a quartic functional equation 
(see also [5]). 

In addition H. Kim [12], has obtained the generalized Hyers-Ulam-Rassias stability for 
the following mixed type of quartic and quadratic functional equation: 

n— 1 n 

l+J /(xi) + 2"-^(n-2)^/(x,)=2"-^ Yl [\SfM] (1-4) 

X2,---,Xji i— 1 l<i<j<n Xj 

for all n-variables 0:1,0:2, ■■■,x„ £ Ei, where n> 2 and / : Ei — > E2 be a function between 
two real linear spaces Ei and E2. 

Also A. Najati and G. Zamani Eskandani [16], have established the general solution and 
the generalized Hyers-Ulam-Rassias stability for a mixed type of cubic and additive functional 

equation, whenever / is a mapping between two quasi-Banach spaces. 

Now, we introduce the following functional equation for fixed integers n with n 0, ±1: 

f{nx + y) + f{nx - y) = n^f{x + y) + n f(x - j/) + 2f{nx) 

- 2n'f{x) - 2(n^ - l)/(y) (1.5) 

in quasi Banach spaces. It is easy to see that the function f{x) = ax* -|- hx^ is a solution 
of the functional equation (1.5). In the present paper we investigate the general solution of 
functional equation (1.5) when / is a function between vector spaces, and we establish the 
generalized Hyers-Ulam-Rassias stability of this functional equation whenever / is a function 
between two quasi-Banach spaces. 

We recall some basic facts concerning quasi-Banach space and some preliminary results. 
Definition 1.1. (See [3, 18].) Let X he a real linear space. A quasi-norm is a real-valued 
function on X satisfying the following: 

(V W^W ^ for all X £ X and \\x\\ = if and only if x = . 

(2) \\\.x\\ = \\\.\\x\\ for allXem. and all x € X . 

(3) There is a constant K > 1 such that \\x + y\\ < K{\\x\\ + \\y\\) for all x,y £ X . 
It follows from condition (3) that 

2m 2m 2m-|-l 2m+l 

|l5^Xi||<M"^|lx,[|, II ^Xi||<M-+^ 11^*11 

i=l i=l i=l i=l 

for all m > 1 and all xi,X2, a;2m+i G X. 
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The pair {X, ||.||) is called a quasi- normed space if ||.|| is a quasi- norm on X . The smallest 
possible M is called the modulus of concavity of ||.||. A quasi-Banach space is a complete 
quasi-normed space. 

A quasi- norm {|.|| is called a p-norm (0 < p < 1) if 

\\x+yr<\\xr+\\yr 

for all x,y & X . In this case, a quasi-Banach space is called a p-Banach space. 

Given a p-norm, the formula d{x, y) := \\x — y\\'' gives us a translation invariant metric on 
X. By the Aoki-Rolewicz Theorem [ 18] (see also [3]), each quasi-norm is equivalent to some 
p-norm. Since it is much easier to work with p-norms, henceforth wc restrict our attention 
mainly to p-norms. In [20], J. Tabor has investigated a version of Hyers-Rassias-Gajda the- 
orem (see[7,17]) in quasi-Banach spaces. 

2. General solution 

Throughout this section, X and Y will be real vector spaces. We here present the general 
solution of (1.5). 

Lemma 2.1. // a function f : X — > Y satisfies the functional equation (1-5), then f is a 
quadratic and quartic function. 

Proof By letting x = y = Qm (1.5),we get /(O) = O.Set x = in (1.5) to get f{y) = f{-y) 
for all y € X.So the function / is even. We substitute x = x + y in (1.5) and then x = x — y 
in (1.5) to obtain that 

f{nx + {n + 1)2/) + f{nx + {n - l)y) = nf{x + 2y) + n^f{x) + 2f{nx + ny) 

-2n^f{x + y)-2in^ -l)f{y) (2.1) 

and 

f{nx - (n - l)y) + f{nx - (n -f- l)y) = f{x) + n^f{x - 2y) + 2f{nx - ny) 

~2n^f{x-y)-2(n^ -l)f{y) (2.2) 

for all x,y £ X. Interchanging x and y in (1.5) and using evenness of / to get the relation 

f{x + ny) -f f(x - ny) = n? f{x + y) + n^f{x - y) + 2f(ny) 

- 2nV(j/) - 2{n^ - l)/(x) (2.3) 
for all x,y G X. Replacing y by ny in (1.5) and then using (2. 3), we have 

f{nx + ny) -\- f{nx - ny) = n'^f{x + y) + n*f{x - y) + 2f{ny) 

+ 2f(nx) - 2n\f(x) - 2n^f{y) (2.4) 

for all x,y £ X.U we add (2.1) to (2.2) and use (2.4),we have 
f{nx + {n + l)y) + f{nx - (n + l)y) + f{nx + {n - l)y) + f{nx - (n - l)y) = 
n'f(x + 2y) + n\f(x - 2y) + 2n'(n' - l)f{x + y)+ 2n\n^ - l)f{x - y) 
+ 4/(nj/) + 4/(rtx) + (-4n* + 2n^)f{x) + (-4n^ - 4n' + 4)/(j/) (2.5) 
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for all x,y € X. Substitute y = x + y in (1.5) and then y = x — y in (1.5) and using evenness 

of / to obtain that 

/((n + l)x + y)+ f{{n - l)x - y) = n^f{2x + y) + v?f(y) + 2f{nx) 

-2n'f{x)-2{n' -l)f{x + y) (2.6) 

and 

/((n + l)x -y) + f{{n - l)x + y)= nV(2x - y) + ri" f{y) + 2f{nx) 

- 2n^f{x) - 2(n' - l)f{x - y) (2.7) 

for all X, y G X. Interchanging x with y in (2.6) and (2.7) and using evenness of /,we get the 

relations 

fix + {n + l)y) + fix -in- l)y) = n'fix + 2y) + n'fix) + 2/(nt/) 

- 2nV(2/) - 2(n' - I) fix + y) (2.8) 

and 

fix - (n + l)y) + fix + (n - l)y) = fix - 2y) + fix) + 2finy) 

- 2nV(y) - 2(n' - l)/(a; - y) (2.9) 

for all x,y € X.With the substitution y = (n + l)y in (1.5) and then y = (n — l)y in (1.5), 
we have 

finx + (n + l)y) + finx - (n + l)y) = nfix + (n + l)y) + nfix - (n + l)y) + 2/(na;) 

- 2refix) - 2(n' - l)/((n + l)y) (2.10) 

and 

finx + (n - l)y) + finx -in - l)y) = n^fix + (n - l)y) + n^fix - in - l)y) + 2/(na;) 

- 2n^fix) - 2(n' - l)/((n - l)y) (2.11) 
for all x,y £ X. Replacing a; by j/ in (1.5), wc obtain 

fiin+l)y)+fiin-l)y) = fi2y)-2i2n^ -l)fiy)+2finy) (2.12) 
for all y € X.Adding (2.10) with (2.11) and using (2.8), (2.9) and (2.12), we lead to 
finx + (n + l)y) + finx - (n + l)y) + finx + (n - l)y) + finx -in - l)y) = 

n^fix + 2y) + n^fix - 2y) - 2n^(n^ - l)/(a; + y)- 2n'(n' - l)/(x - y) 
+ Afiny) + Afinx) - 2n\n^ - l)/(2j/) + (2n* - 4n')/(a;) 

+ (4n*-12n'+4)/(j/) (2.13) 
for all x,y £ X.By comparing (2.5) with (2.13), we arrive at 

fix + 2y) + fix - 2y) = Afix + y) + Afix -y) + 2/(2y) - 8/(2/) - 6/(x) (2.14) 
for all x,y € X. Interchange x with y in (2.14) and use evenness of / to get the relation 

fi2x + y) + fi2x -y)= Afix + y)+ Afix -y) + 2/(2x) - 8/(a;) - 6/(y) (2.15) 
for all x,y £ X. 

We would show that (2.15) is a quadratic and quartic functional equation. To get this, 
we show that the functions g : X — > Y defined by gix) = /(2x) — 16/(x) for all a; € X 
and h : X — > Y defined by hix) = /(2a;) — 4/(a;) for all a; € X, are quadratic and quartic, 
respectively. 
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Replacing y by 2y in (2.15) and using evenness of /,we have 
f{2x + 2y) + f{2x - 2y) = 4f{2y + x)+ 4f{2y - x) + 2f{2x) - 8f{x) - 6/(27/) (2.16) 

for all x,y G X. By interchanging x with y in (2.16) and then using (2.15),we obtain by 

evenness of / 

f{2x + 2y) + f{2x - 2y) = 4f{2x + y)+ 4f{2x - y) + 2f{2y) - 8f{y) - 6f{2x) 
= 16f{x + y) + 16f{x -y) + 2f{2x) + 2/(2y) 

- 32/(2.) - 32/(y) (2.17) 
for all x,y £ X.By rearranging (2.17), we have 
[f{2x + 2y) - IGfix + y)] + [f{2x - 2y) - 16/(a: - y)\ = 
2[fi2x) - 16f{x)] + 2[f{2y) - 16/(j/)] 
for all x,y € X.This means that 

g{x + y)+ g{x - y) = 2g{x) = 2g{y) 

for all x,y € X. Therefore the function g : X — > Y is quadratic. 
To prove that h : X — > Y is quartic,we have to show that 

h{2x + y) + h{2x -y)= Ah{x + y) + 4h{x -y) + 24h{x) - 6h{y) 

for all x,y £ X. Replacing x and y by 2x and 2y in (2.15), respectively, we get 

f{4x + 2y) + f{Ax-2y) = 4/(2x + 2|/) +4/(2x-2y) + 2/(4i-) -8/(2a;) -6/(2|/) (2.18) 

for all x,y £ X. Since g{2x) = 4p(a;) for all x € X where g : X — > F is a quadratic function 
defined above, we have 

/(4a;) = 20/(2x) - 64/(a;) (2.19) 

for all X G X.Hence, it follows from (2.15) ,(2.18) and (2.19) that 

h{2x + y) + h{2x -y) = [/(4x + 2y) - 4/(2x + y)] + [f{Ax - 2y) - 4/(2:c - y)] 

= 4[f{2x + 2y) - 4fix + y)] + 4[f{2x - 2y) - 4f{x - y)] 

+ 24[f{2x) - 4f{x)] - 6[/(22/) - 4f{y)] 

= 4h{x + y)+ 4h{x - y) + 24h{x) - 6h{y) 
for all x,y €. ^.Therefore, h : X — > F is a quartic function. □ 

Theorem 2.2. A function f : X Y satisfies (1-5) if and only if there exist a unique 
symmetric multi-additive function D: XxXxXxX — > Y and a unique symmetric 
bi-additive function B : X x X — > Y such that 

f{x) = D{x, X, x, x) + B{x, x) 

for all X G X. 

Proof. We first assume that the function / : X — > Y satisfies (1.5). Let : X — > F be 
functions defined by 

g{x) := /(2a;) - 16/(a;) /i(a;) := /(2a;) - 4/(a;) 

for all X G X. Hence, by Lemma (2.1), we achieve that the functions g and h are quadratic 

and quartic, respectively, and 

fix) ■■= Y^h{x) - Y^g{x) 
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for all X € X. Therefore, there exist a unique symmetric multi-additive mapping D : X x 
X X X X X — > Y and a unique symmetric bi-additive mapping B : X x X — » Y such that 
D{x,x,x,x) = j2^(^) ^^'^ B{x,x) = —j^g{x) for all x € X(see[l, 14]). So 

f{x) = D{x, X, x, x) + B{x, x) 

for all X € X. 

Conversely assume that 

f{x) = D{x, X, X, x) + B{x, x) 

for all X £ X, where the function D: XxXxXxX — > Y is symmetric multi-additive 
and B : X X X — > Y is bi-additive defined above. By a simple computation, one can show 
that the functions D and B satisfy the functional equation (1.5), so the function f satisfies 
(1.5). □ 



3. Hyers-Ulam-Rassias stability of Eq.(1.5) 

Prom now on, let X and Y be a quasi-Banach space with quasi-norm ||.||x and a p- 

Banach space with p-norm ||.||y,respectively.Let M be the modulus of concavity of [|.||y.In 
this section using an idea of Gavruta[8] we prove the stability of Eq.(1.5) in the spirit of 
liyers, Ulam and Rassias.For convenience we use the following abbreviation for a given 

function / : X > Y: 

Af{x,y) = f{nx+y) + f{nx-y)-n''f{x+y)-n'f{x-y)-2f{nx) + 2n''f{x) + 2{n'-l)f{y) 
for all x,y € X.We will use the following lemma in this section. 

Lemma 3.1. (see [15].) Let < p < 1 and let xi,X2, ■ ■ ■ ,Xn be non-negative real numbers. 
Then 

n n 
i=l i=l 

Theorem 3.2. Let ipq : X x X —^ [0, oo) be a function such that 

.l-4>''(|r'#r) = o (3.1) 



E4''W(^,|)<oo (3.2) 



for all x^y € X and 

oo 

1=1 

for all X £ X and for all y £ {x, 2x, 3a;, nx, (n -|- l)x, (n — l)x, {n + 2)x, (n — 2)x, {n — 3)x}. 
Suppose that a function f : X ^Y with /(O) = satisfies the inequality 

\\Af(,x,y)\\Y<'fiq(x,y) (3.3) 
for all x,y € X. Then the limit 

Q{x) := lim 4-[/(-^) - 16/(^)] (3.4) 
exists for all x € X and Q \ X is a unique quadratic function satisfying 

||/(2x) - 16f{x) - Qix)\\Y < ^[V;,(x)]5 (3.5) 
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i=l 



+ 4V?(|^, J) J, 5) + 2^(3n^ - J, J) 

+ (17n^ - 8)''^?( J, J) + (;^5^«(0, ^^^^) + <(0, (^^) 

+ iov?(o, ) + 4V?(0, ^) + 4V?(0, ^^^^)) + ^^^'fiUo, J) 

Proof. Set a; = in (3.3) and then interchange x with y to get 

\\{n^ - l)f{x) - in' - l)f{-x)\\ < ^,{0,x) (3.7) 
for all X € X. Replacing y by x, 2x, nx, (n + l)x and (n — l)x in (3.3), respectively, we get 

||/((n + l)a;) + /((n - l)x) - ri'f{2x) - 2f{nx) + (4n^ - 2)f{x)\\ < ip^{x, x) (3.8) 
and 

||/((n + 2)x) + f{{n - 2)x) - n'f{3x) - nf{-x) - 2f{nx) + 2ri'f{x) 

+ 2(n^ - l)/(2a;)|| < ^qix,2x) (3.9) 

and 

||/(2na;) - nV((n + i)x) - nV((l - n)x) + 2(n^ - 2)f{nx) + 2n''f{x)\\ 

< ipq{x,nx) (3.10) 

and 

||/((2n + l)x) + f(-x) - n'fdn + 2)x) - n'f{-nx) - 2f{nx) + 2v? f{x) 

+ 2(n^ - l)/((n + l)a:)|i < <p,(a;, (n + l)x) (3.11) 

and 

||/((2n - l)a;) + f{x) - nV((2 - n)x) - (n^ + 2)f{nx) + 2re f{x) 

+ 2(n' - l)/((n - l)a;)|| < ^^{x, (n - \)x) (3.12) 

and 

||/(2(n + l)a;) + f{-2x) - v?f{{n + 2.)x) - nf{-{n + l)x) - 2f{nx) + 27t'f{x) 

+ 2{n'' - l)/((n + 2)x)\\ < ^^{x, (n + 2)x) (3.13) 

and 

||/((2(n - l)x) + f{2x) - rt'fiin - l)x) - n''f{-{n - 3)x) - 2f{nx) + 2nV(a;) 

+ 2(n' - l)/((n - 2)x)\\ < ^^{x, (n - 2)x) (3.14) 

and 

||/((n + i)x) + /((n - 3)a:) - n^f{Ax) - n^f{-2x) - 2f{nx) + 2n''f{x) 

+ 2(n' - l)/(3x)|| < V5,(a;,3a;) (3.15) 
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for all X € X.We combine (3.7) with (3.9), (3.10), (3.11), (3.12), (3.13), (3.14) and (3.15), 

respectively, to get the following inequalities: 

||/((n + 2)x) + f{{n - 2)x) - nV(3x) - n^f{x) - 2f{nx) + 2n''f{x) 

1 

+ 2(n'-l)/(2a;)|| <^,(a;,2cc) + ^^^^,(0,a;) (3.16) 

and 

||/(2na;) - n^f{{n + l)a;) - nV((n - l)a;) + 2(n^ - 2)i{nx) + 2n^!{x)\\ 

< ipq{x,nx) + ^2 _ i ^ii^^ ~ 1)^) (S-l''') 

and 

||/((2n + l)a;) + f{x) - nV((n + 2)x) - v? f{nx) - 2f(nx) + 2ri' f{x) 
+ 2(n' - l)/((n + l)a;)|| < ^^{x, (n + \)x) 
1 

+ ;^r3T^«(°' + :;^rrT'^^(°' ^) (3.i8) 

and 

||/((2n - l)a;) + f{x) - ri'fiin - 2)x) - (n^ + 2)f{nx) + 2x1^ f{x) 

2 

+ 2{n' - l)/((n - l)x)\\ < ^,ix, (n - l)x) + -^L_(p^(o, (n - 2)a;) (3.19) 
and 

||/(2(n + l)x) + /(2a;) - nV((n + 3)x) - nV((n + l)a;) - 2/(na;) + 2n'f{x) 
+ 2{r? - l)fi{n + 2)x)\\ < tp^ix, {n + 2)x) 

+ r^,(0,(n+l)x) + ^,(0,2a;) (3.20) 
n-' — 1 

and 

||/(2(n - l)x) + f{2x) - n''f{{n - l)x) - n' f{{n - 3)x) - 2f{nx) + 2n^ f{x) 

2 

+ 2(n' - l)/((n - 2)a;)|| < v5,(a;, (n - 2)x) + -iL_<p^(o, (n - 3)a;) (3.21) 
and 

||/((n + i)x) + /((n - 3)a;) - n''f{Ax) - 'n?f{2x) - 2f{nx) + 2n^f{x) 

2 

+ 2(n'-l)/(3a;)|| <(p,(a;,3a;) + ^^^^¥',(0,2a;) (3.22) 

for all X € X. Replacing x and y by 2x and x in (3.3), respectively, we obtain 
||/((2n + l)a;) + /((2n - l)a;) - rt^fiSx) - 2f{2nx) + 2nf{2x) 

+ {n - 2)f{x)\\ < v'q{2x,x) (3.23) 
for all X G X. Putting 2x and 2y instead of x and y in (3.3), respectively, we have 

||/(2(n + l)a;) + /(2(n - l)a;) - n^f{4x) - 2/(2na;) + 2(2n' - l)/(2a;)|| 

<ifiq{2x,2x) (3.24) 
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for all X € X.It follows from (3.8), (3.16), (3.17), (3.18), (3.19) and (3.23) that 

\\f{3x) - 6/(2x) + 15/(a-)|| < ^2(^2 _ 1) [^^(^' + 1)^-) + V'.C*- - l)a;) 
+ (pq{2x,x) + 2(pq{x,nx) + n^(fiq{x, 2x) + {An' — 2)(fiq{x,x) 
(2<pg{0, (n - l)a;) + 93,(0, nx) + ipq{0, (n - 2)x)) 



T)? - 1 



for all X € X.Aho, from (3.8), (3.16), (3.17), (3.20), (3.21), (3.22) and (3.24), we conclude 

||/(4a;)-4/(3x)+4/(2a;)+4/(a;)|| < ^/f ^ J y,(x, (n + 2)x) 

n''(n^ — 1) 

+ <fiq{x, (n — 2)x) + <fiq{2x, 2x) + 2(pq{x,nx) + n^{ipq{x, 3x) + ipq{x,x)) 

2 

+ 2(n^ - l)(^g(a;, 2x) + -^!—-{2ipq{0, (n - l)a;) + (^,(0, (n - 3)a;) 



+ ipq{0, (n + l)a;)) + ^5-3X^9(0, 2a;) + 2nV<i(0, a;)] (3.26) 



for all X € X. Finally, combining (3.25) and (3.26) yields 

||/(4x) - 24/(2a;) + 64/(x)|| < , ,M x, (n + 2)a;) + ipq{x, {n - 2)x) 

+ Atpq^x, {n + l)x) + 4<pq(x, {n - l)x) + 10(pq{x,nx) + <Pq{2x, 2x) 
+ Aipq{2x,x) + n^ifiq{x,3x) + 2(3n^ - l)ipq{x,2x) + {nn^ - 8)(/3q(x-, x) 

+ ^2 _ -^ (^9(0. {n + 1)2;) + <Pq{Q, {n - 3)x) + 10939(0, (n - l)x) + A^pqiO, nx) 

n'^ + l _ , 2(3n^- 71^ + 2) 

n2-l'" 
for all X € X.By substituting 

'^"^^^ " n'^{n^ -l) ^"^"^^' (" ^^^^ '^^(^' (" ~ ^^^^ 

+ 4(^g (a;, (n + l)a;) + 4(^9 (a;, (n — l)a;) + lOip, {x, nx) + (fig {2x, 2x) 

+ Aipq{2x,x) + n'^ipq{x, 3x) + 2(3n^ — l)ipq{x, 2x) + (17n^ — 8)ipq{x, x) 

n^ 

+ :^;TZr[(VgiO, {n + l)x) + ^q{0, (n - 3)a;) + 1095,(0, (n - l)a;) + 493,(0, nx) 



+ 4^,(0, (n - 2)x)) + !^^M0, 2x) + ^ \, _ , ' (3-27) 



+ 493,(0, (n - 2)a;)) + ^^v^q{0, 2x) + ^ „2 \ V .(0. x)] (3.28) 



+ 1 o ^ _L 2(3n-^ - + 2) 

— 1 — 1 

(3.27) gives 

||/(4a;)-20/(2x)+64/(a;)|| < M%(x) (3.29) 
for all X £ X. 

Let s : X ^ Y be a function defined by g{x) := /(2a;) - 16/(a;) for all x € X.Prom (3.29), 

we conclude that 

\\g{2x) - 4g{x)\\ < M^i,q{x) (3.30) 
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for all X € X. li we replace x in (3.30) by ^m^i ^'^d multiply both sides of (3.30) by 4"", we 
get 

IH-'^'ai^) - 4-5(2^)11. < (3.31) 

for all a; e X and all non-negative integers m. Since y is a p-Banach space, then inequality 

(3.31) gives 

m 
i=k 

m 

<M«''^4'''V(2^) (3.32) 

for all non-negative integers m and k with m > k and for all a; € X. Since < p < 1, then 
by Lemma 3.1, from (3.28), we conclude that 

"^^i^) < „2p(„2 „ K(^' (^ + + 'figi^, - 2)a:) 

+ 4''<p^(x, (n + l)x) + 'i^'tp^gix, (n - l)x) + 10''<^^(x, nx) + ipl{2x, 2x) 

+ 4V?(2a;, x) + n''ifil{x, ?,x) + 2''(3n2 - 1)V?(2:, 2x) + (ITn" - ^Yvlix, x) 

+ + 1)^) + '^^(O' - 3)^) + 10''<(0' (" - 1)^) + 4V?(0, ria;) 

+ 4V?(0, (n - 2)0.)) + g^±ll!^^(0, 2x) + M^!^lzi^^±^^^(0, x)] (3.33) 
for all a: G X. Therefore, it follows from (3.2) and (3.33) that 

oo 

Y.^'''^,'{^)<^ (3.34) 

i=l 

for all X £ X. Thus, wo conclude from (3.32) and (3.34) that the sequence {^"^ g{^)} is a 
Cauchy sequence for all x £ X. Since Y is complete, then, the sequence {4'"sr(^)} converges 
for all a; e X. So one can define the function Q : X — > Y by 

Q{x) = hm 4-ff(^) (3.35) 
for all a; e X. Letting fc = and passing the limit m ^ oo in (3.32), we get 

\\g{x)-Q{xW^ < M«''^4'-V/(^) = ^E4''V'/(J) (3.36) 

i=0 1=1 

for all x € X. Therefore, (3.5) follows from (3.2) and (3.36). Now we show that Q is 
quadratic. It follows from (3.1), (3.31) and (3.35) that 

X' , . rn -I- 1 / X 



||Q(2x)-4Q(x)|ly = lim \\r^g(^)-4"^^^g{^) 



Y 



< M" lim ^"'Mk-) = 

m— »oo 2"* 

for all X G X. So 

Q(2x) = 4Q(x) (3.37) 
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for all X € X. On the other hand, it follows from (3.1), (3.3), (3.4) and (3.35) that 

||Ag(.,,)||. = Jim 4-||A,(|„ = 4'"l|A/(2;^, ^) - 16A/(|,, 

< M Jim 4™{^,(^, ^) + 16M^, ^)} = 

for all x,y € X. Hence the function Q satisfies (1.5). By Lemma 2.1, the function x ^ 
Q{2x) — 4Q{x) is quadratic. Hence, (3.37) implies that the function Q is quadratic. 

It remains to show that Q is unique. Suppose that there exists another quadratic function 
q' -.X witch satisfies (1.5) and (3.5).Since Q'(#r) = ^Q' (x) and Q{^) = -^Qix) 
for all a; e X, we conclude from (3.5) that 

||Q(.)-g'(.)r, = Jim 4-||s(|,)-q'(|,)||/<^J^^ (3.38) 
for all X € X.On the other hand, since 



lim 4""^ V4'V/(— ^,^r-) = lim V 4"" ipg" (- , ^ 



for all a; e X and for all y € {a, 2a;, 3a;, nx, (n + l)a;, (n — l)a;, (n + 2)a;, (n — 2)a;, (n — 3)a;}, 
therefore 

lim 4™^V;,(^) = (3.39) 



□ 



for all X € X.By using (3.39) in (3.38), we get Q = Q . 

Theorem 3.3. Let ipq : X x X —^ [0, oo) be a function such that 

lim ^<p,{2"^x,2"^y)=0 

for all x,y € X and 

°° 1 

^— ^/(2»a;,2V)<oo 

i=0 

for all X £ X and for all y G {x, 2x, 3a;, nx, (n + l)a;, (n — l)a;, (n + 2)a;, (n — 2)a;, (n — 3)a;}. 
Suppose that a function f : X ^ Y with /(O) = satisfies the inequality 

\\Af{x,y)\\Y<Mx,y) 
for all x,y £ X. Then the limit 

Q{x):= lim -l^[/(2-+ia;)-16/(2'"a;)] 
exists for all x € X and Q \ X is a unique quadratic function satisfying 
\\f{2x) - 16f(x) - Q{x)\\y < ^[Mx)]- 
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for all X € X, where 

oo ^ 



4pi L jj2p(-„2 _ ly 



[ ipl{2'x, 2\n + 2)2;) + ipl{2'x, 2\n - 2)x) 



+ 4V?(2'a;,2'(n+ +4*'(^?(2\T,2'(n- l)x-) + 10P(^?(2^x, 2^nx) + <p^(2'2a;, 2'2a;) 
+ 4X(2'2a;,2'a;) +n^^<(2'a;,2'3x) +2''(3n'' - l)V^(2*x, 2*2a;) 



+ (17n' -8)>?(2'x,2'x) + . 



.2p 



-«(0, 2*(n + l)a;) + (^?(0, 2*(n - 3)a;) 



(n2 - l)p 

+ 10>?(0, 2'(n - l)a;) + 4''v5?(0, 2'nx) + 4V?(0, 2*(n - 2)x)) 
Proof. The proof is similar to the proof of Theorem 3.2. 



□ 



Corollary 3.4. Let 9, r, s he non-negative real numbers such that r,s > 2 or s < 2. Suppose 
that a function f : X —fY with /(O) = satisfies the inequality 



\\Af{x,y)\\Y < 



6, r =s =0; 

e\\x\\3c, r > 0, s=0; 

0\\y\\x, r=0, s > 0; 

ei\\A\x + \\yrx), r,s>0. 

for all x,y € X. Then there exists a unique quadratic function Q : X —fY satisfying 

' Sq, r =s =0; 

M^e \ aq{x), r> 0, s=0; 

n^{n^ - 1) I I3q[x), r=0, s > 0; 

. K(a;)+/3f(a;))p r, s > 0. 



(3.40) 



||/(2a;) - 16/(0;) -Q(rr)||r< 



-[{Qn - 2Y(n^ - If + {I7n - 8f{n'' ~ If + {6n* - 2n^ + 4f 



for all X £ X, where 

" ^ 4P- l(n2 - 1)P ' 
+ n''%2 + 10^ + 2 * A") + in" + 1)^ + n^in - 1)^ + 3 * A^in^ - If + l(f{n' - If 

+ 3(n'-l)^l }5, 

, , , 4^(2 + 2"-^) + 1(F + (6n2 - 2)" + (ITn' - + 2''^ + n''^ 1 „ 



and 

P,ix) = { 



|4p _ 2'"p| 
-[2'''{6n - 2)''(n' - 1)'' + {17n'' 



(n2 - 1)P|4P - 2"?! ' 
+ (6n* - 2n' + 4)" + n'P((n + 1)"^ + (n - 3)"'' + Win - 1)"" 
+ ^^n"^ + 4^(n - 2)"") + 2"*'(n* + 1)'' + ■i''^n^''{n - Vf + 4^(n^ - Xf 
+ (n + 2Y''{n^ - ly + (n - 2y'(n^ - If + 4^{n + \Y^(r? - If 
+ 4''(n - l)''''(n^ - 1)'' + 10V^(n^ - 1)^] }^ ||i-||x- 
Proof. In Theorem 3.2, putting (fiq(x,y) := 6'(||a;||5s: + \\y\\x) for all x,y £ X. 



□ 
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Corollary 3.5. Let 6 > and r,s > be non-negative real numbers such that A := r+s ^ 2. 
Suppose that a function f : X with /(O) = satisfies the inequality 

\\Afix,y)\\Y<d\\x\rx\\yrx, (3.41) 
for all x^y ^ X. Then there exists a unique quadratic function Q : X ^ Y satisfying 

A/f^f) 1 

\\f{2x) - Wf{x) - Q{x)\W < ^,(^,_^) { + 2)^^ + (n - 2)- + 4-(n + 1)- 

+ 4^(n - 1)"'' + Wn'" + 2'^''+''^'' + 4^2''*' + n^^'S"^ 
+ 2'^6n^ - 2f + (17n' - 8f ] }v \\x\\\ 

for all X € X. 

Proof In Theorem 3.2 putting ipq{x,y) := 6'||a;||5f for all x,y e X. □ 
Theorem 3.6. Let (^t : X x X — »• [0, oo) be a function such that 

Jim 16>.(|„|,)=0 (3.42) 



for all x,y € X and 



^16-W(J,|)<oo (3.43) 

i=l 



for all X £ X and for all y £ {x, 2x, 3x, nx, (n + l)x, [n — l)x, [n + 2)x, (n — 2)a;, (n — 3)a;}. 
Suppose that a function f : X ^ Y with /(O) = satisfies the inequality 

\\Afix,y)\\Y <Mx,y) (3.44) 
for all x,y £ X. Then the limit 

T{x) := Jim 16-[/(^) - 4/(|,)] (3.45) 
exists for all x £ X and T : X —fY is a unique quartic function satisfying 

\\f{2x) - 4f{x) - T{x)\\y < ^[M^)]i (3.46) 
for all X £ X, where 

i=l ^ ' 

+ 4>f ( J, ^ji^) +4Vf ( J, ^^^^) + lOVf ( J, f ) + (f , f ) 
+ 4Vf (f , J) +n^>?( J, f ) + 2^(3n^ - l)>n J, f ) 
+ (17n^ - 8)Vf ( J, J) + p^(^?(0, ^^^^^) + ^?(0, ^^^) 
+ lO^^f (0, ) +4^v'?(0, ^) + 4Vf (0, ^^^^)) 
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Proof. Similar to the proof Theorem 3.2, we have 

WfiAx) - 20/(2cc) + 64/(^)11 < MVt(a;), (3.48) 
for all X € X, where 

(^) = 2/ I — TT ["^t i3:,{n + 2)x) + (fit {x, {n - 2)x) 
n^(n'^ — 1) 

+ 4:(pt{x, (n + l)a;) +Aipt{x, (n - \)x) + lQifi>t{x,nx) + ifi>t{2x,2x) 

+ Aipt{2x, x) + n'^'ptix, 3x) + 2(3n^ - l)>fit{x, 2x) + (llv? - 8)v?t(x, x) 

+ 7(954(0, (n + l)a;) + tfit{Q, (n - 3)a;) + 10(^t(0, (n - l)a;) + 4(pt(0, nx) 

+ 4^,(0, (n ~ 2)x)) + JJ^V'^O, 2x) + ~ ^ yt(0, (3.49) 

Let ft : X ^ y be a function defined by /i(a;) := /(2a;) — 4/(a;). Then, we conclude that 

\\h{2x) - 16ft(.T)|| < M'^iPtix) (3.50) 

for all X e X. If we replace x in (3.50) by ^^yi and multiply both sides of (3.50) by 16"*, 
we get 

W^^'^^'K^) - 16"'M^)lk < M^lQ-^M^,) (3.51) 

for all a; e X and all non-negative integers m. Since F is a p-Banach space, therefore, 
inequality (3.51) gives 

l|i6'"+^'^(^) - le'^M < E I|i6'+^M^) - i6'M J)irr 

m 

<M«^^16^Vt^(^) (3.52) 

for all non- negative integers m and k with m > k and all x € X. Since < p < 1, then by 
Lemma 3.1, we conclude from (3.49) that 

< ^2r,(^J_iy IVti^, (n + 2)x) + ^l{x, {n - 2)x) 

+ A^Lp^t{x, (n + l)a;) + 4''v5?(a;, (n - l)x) + Wlp\(x, nx) + (/p?(2a;, 2a;) 

+ '^'ipl{2x,x)+n^ipl{x,ix) + 2''(3n" - lYipl{x,2x) + (17^'' - 8)Vf (^S^^O 

+ (^2 _i)p (^?(0, + 1)^) + {n - 3)x) + 10>r(0, (n - l)x) + 4^¥'?(0,na;) 

+ 4Vf (0, (n - 2)a;)) + j^^ + ^j^ ^HO, 2cc) + M^!^lzi^!+^^?(0, x) ], (3.53) 
for all a; e X. Therefore, it follows from (3.42) and (3.52) that 

00 

^16^>/(|)<cx) (3.54) 
<=i ^ 

for all X- G X. Thus, wc conclude from (3.52) and (3.54) that the sequence {16'"/i( jlr)} is 
a Cauchy sequence for all x € X. Since Y is complete, the sequence {lQ"^h{-^)} converges 
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for all X € X. So one can define the function T : X — » y by 

T{x)= lim le-ftC^) (3.55) 
for all X ^ X. Letting k = and passing the limit m — ^ oo in (3.52), we get 

\\h{x)-T{xW^ < M^^ le^^t'C^) = E 16^'V'*^( J) (3.56) 

i=0 i=l 

for all X (z X. Therefore (3.45) follows from (3.43) and (3.55). Now we show that T is quartic. 
According to (3.42), (3.51) and (3.55), it follows that 

\\T{2x) - lQT{x)\\y = Jirn^ \\l(rh{^) - lQ^+^h{^)\\y 

= 16Jim ||16--M^)-16'"/.(|,)|k 
<M«Jim 16-V*(|r)=0 

for all a; e X. So 

T{2x) = 16T{x) (3.57) 

for all X € X. On the other hand, by (3.44), (3.54) and (3.55), we lead to 

||AT(., ,)||. = ^im W-\\AH^, i,)\W= Jnn^ 16-||A/(^, ^) - 4A/(|,, X)||. 

<M lim l6'"{v?t(-^,-^)+4<pt(;:^,;^)} = 

for all a;, J/ € X. Hence, the function T satisfies (1.5). By Lemma 2.1, the function x 
T{2x) — 16T(x) is quartic. Therefore (3.57) implies that the function T is quartic. 

To prove the uniqueness property of T, let T : X ^ Y be another quartic function 
satisfying (3.46). Since 

OO OO 

^hm 16-5:i6-^.^(^,^) = ^lim ^ , J) = 

i=l i=7n-\-l 

for all X € X and for all y £ {x, 2x, 3x, nx, (n + l)x, (n — l)x, (n + 2)x, (n — 2)x, (n — 3)x}, 
then 

lim 16'"-V^,(^) = (3.58) 
for all a; e X. It follows from (3.46) and (3.58) that 

l|T(xO -T'(.)||. = ^lim 16-n|/^(|r) -t'(|,)||/ < ^ Jim 

for all a; €X. So T = t'. 

□ 

Theorem 3.7. Let <pt : X x X — > [0, oo) be a function such that 

^™ T^'^*(2'"i-,2'"j/) = 

m— >oo lb"* 
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for all x,y € X and 

oo ^ 

for all X & X and for all y € {x, 2x, 3x, nx, (n + l)x, (n — l)x, {n + 2)x, (n — 2)x, {n — 3)a;}. 
Suppose that a function f : X with /(O) = satisfies the inequality 

\\/^f(,x,y)\\Y<Mx,v) 
for all x,y € X. Then the limit 

T{x):= lim J-[/(2'"+"^x-)-4/(2'":c)] 

m— 'OO Id 

exists for all x ^ X and T \ X ^ Y is a unique quartic function satisfying 

\\f{2x)-Af{x)-T{x)\\y<^[Mx)]^ 
for all x € X, where 
~ °° 1 1 

+ 4f^f(2^x,2'(n + l)a;) +4''^f(2'x,2'(n- l)x) + 10''(/p?(2"a;, 2'nx) + V5n2'2x, 2'2a:) 
+ 4^ 93? (2*2a;,2'a;) + n^''¥'f(2'x,2'3x-) + 2*^(371" - 1)''^? (2'a;, 2'2a;) 

+ (17n2 - 8)V?(2"x, 2"x) + (0, 2\n + l)x) + (0, 2\n - 3)x) 

+ lO^'v^f (0, 2\n - X)x) + 4Vi'(0, 2'nx) + 4V!'(0, 2'(n - 2)x)) 

.fe;±ii:.>(.,«.). ^')' .»,..-,) I). 

Proof. The proof is similar to the proof of Theorem 3.6. □ 

Corollary 3.8. Let 0, r, s be non-negative real numbers such that r, s > 4 or < r, s < 4. 

Suppose that a function f : X ^ Y with /(O) — satisfies the inequality (3-40) for all 
x,y £ X. Then there exists a unique quartic function T : X —>Y satisfying 



\\fi2x)-4f{x)-Tix)\\Y< 



n2(n2 - 1) 



St, r =s =0; 

at(x), r > 0, s=0; 

I3t{x), r=0, s > 0; 

i {al{x)+Pl{x))p, r, s> 0. 



for all X € X, where 

+ n^''{2 + 10'' + 2 * 4") + {n* + If + n^in - 1)^ + 3 * 4''(n^ - 1)^' + 10^ (n^ - 1)'' 
+ 3(n^-ir] }K 

, , , 4^(2 + 2'-^) + 10^ + (Gn^ - 2Y + (ITn^ - 8)" + 2"-^ + 71^" i „ 
= { ^ \\&>-2-v\ ^ ' """"^ 
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and 

+ (6n^ - 2n' + 4)" + n2''((n + 1)='' + (n - Zf " + 10^ (n - 1)"'' 

+ lO^n"^ + 4^(n - 2)"^) + 2'"'(n* + 1)^ + S'^n'^Cn^ - 1)^ + 4^(n^ - 1)'' 

+ (n + 2)'"'(n^ - If + (n - 2)'"'(n' - If + 4''(n + l)''^(n^ - If 

+ 4^(n - l)'"'(n2 - If + A^n'^'i-n:' - If] }p ||a;||3f . 

Proof. In Theorem 3.6, putting (pt{x,y) := + ||j/||3f) for all a;,2/ e X. □ 

Corollary 3.9. Let 9 > and r,s > be non-negative real numbers such that X := r + s ^ 4. 
Suppose that a function f : X Y with /(O) = satisfies the inequality (3.41) for all 
x,y € X. Then there exists a unique quartic function T : X satisfying 

||/(2x) - 4/(x) - Tix)\W < ^,(^,_^) { |,e,_,.,| [(n + 2)- + (n - 2)- + 4''(n + 1)- 
+ 4F{n - ly + Wn'" + 2'^''+''^'' + 4^2'''' + n^*'3"^ 
+ 2=''(6n' - 2f + (17n' - 8)^ }i \\x\\\ 

for all X € X. 

Proof. In Theorem 3.6, putting ifit{x,y) := ||y ||3f for ^'1 x,y £ X. □ 

Theorem 3.10. Let ip : X x X —> [0, oo) be a function such that 

lim 4-^(^, ^) = = lim rr^vi^-'x, 2^y) (3.59) 
for all x,y ^ X and 

oo 
i=l 

and 

oo 

^--^-(2'x,2^2/)<oo 

i=0 

/or all X £ X and for all y £ {x, 2x, 3x, nx, {n + l)x, {n — l)x, (n + 2)x, (n — 2)x, (n — 3)a;}. 
Suppose that a function f : X ^Y with /(O) = satisfies the inequality 

\\Afix,y)\\Y <v{^,y), (3.60) 

for all x,y € X. Then there exist a unique quadratic function Q : X ^ Y and a unique 
quartic function T : X -^Y such that 

\\f{x)-Q{x)-T{x)\W < ^ {4[Mx)]^+[M^)]h (3.61) 

for all X e X, where tpqix) and tpt{x) have been defined in Theorems 3.2 and 3. 7, respectively, 
for all X £ X. 
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Proof. By Theorems 3.2 and 3.7, there exist a quadratic function Qo : X ^ Y and a quartic 
function To : X — » y such that 

\\f{2x)-16f{x)-Qo{x)\\Y < ^[Mx)]K \\f{2x)-4f{x)-Toix)\\Y < 
for all x € X. Therefore, it follows from the last inequalities that 

\\m+^Qo{x)-^To{x)\\Y < ^ {4[ifq{x)]K[Mx)]h 

for all X € X. So we obtain (3.61) by letting Q{x) = —j^Qoix) and T{x) = j^To{x) for all 
x€X. 

To prove the uniqueness property of Q and T, wc first show the uniqueness property for 
Qo and To and then we conclude the uniqueness property of Q and T. Let Qi,Ti : X —f Y 
be another quadratic and quartic functions satisfying (3.61) and let Q2 = -^Qo, T2 = -^Tb, 
(?3 = <52 - Qi and T3 = T2 - Ti. So 

||Q3(a;) - Ts{x)\\y < M{\\f{x) - Q^ix) - T^ix^Y + ||/(x) - Qi(x) - Ti(x)||y} 

< ^ i^li'.ix)]-^ + [M^)]h (3.62) 

for all a; e X. Since 

lim r'P^J — )^ lim -}—^t(2"'x) = 

for all X e X, then (3.62) implies that lim^^^o P'^QsC^r) + j^m2"'x)\\Y = for all 
x £ X. Thus, T3 = Q3. But Ta is only a quartic function and Q3 is only a quadratic 
function. Therefore, we should have T3 = Qa = and this complete the uniqueness property 
of Q and T. The other results proved similarly. □ 

Corollary 3.11. Let 0,r,s be non-negative real numbers such that r,s > 4 or 2 < r, s < 4 

or < r, s < 2. Suppose that a function f : X ^ Y satisfies the inequality (3.40) for all 
x,y £ X. Then there exist a unique quadratic function Q : X Y and a unique quartic 
function T : X —f Y such that 

{Sq + 5t, r =s =0; 

a,(a;) + at(x), r > 0, s=0; 

P,{x)+I3^{xl r=0,s>0; 
{a^q{x) + f3^{x))^ + {a^,{x)+l3f{x))^, r, s > 0. 

for allx € X, where 6q,6t,aq{x),at{x), f3q{x) and f}t{x) are defined as in Corollaries 3.4 and 
3.8. 

Corollary 3.12. Let 9 >0 and r,s > be non-negative real numbers such that A := r + s e 
(0, 2) U (2, 4) U (4, 00). Suppose that a function f : X —^Y satisfies the inequality (3.41) for 
all x,y £ X. Then there exist a unique quadratic function Q : X —>Y and a unique quartic 
function T : X ^Y such that 

jlf^fi 1 

- - Tix)\\Y < ,^.^^,^J_,) { ^F3^[(- + 2)^'' + - 2)- + 4^n + 1)- 
+ 4''(n - ly + Wn" + 2''"+''''' + 4''2'''' + n^^S'" 
+ 2'^{6n^ - 2f + (17n^ - 8)^'] }p ||a;||^ 

for all x € X. 
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